Abstract. We propose a continuous interior penalty (CIP) method for the pure transport problem and for the viscosity dependent "Stokes-Brinkman" problem where the gradient jump penalty is localized to faces in the interior of subdomains. Special focus is given to the case where the subdomains are so-called composite finite elements, e.g., quadrilateral, hexahedral or prismatic elements which are composed by simplices such that the arising global simplicial mesh is regular. The advantage of this local CIP is that it allows for static condensation in contrast to the classical CIP method. If the degrees of freedom in the interior of the composite finite elements are eliminated using static condensation then the resulting couplings of the skeleton degrees of freedom are comparable to those for classical conforming finite element methods which leads to a substantially smaller matrix stencil than for the standard global CIP method. Optimal stability and error estimates are proved and numerical tests are presented. For the Stokes-Brinkman model, our error bound does not increase if the viscosity parameter tends to zero which is mainly achieved by adding a penalty term for the divergence of the velocity in the discretization. Moreover, the reduction effect of the static condensation is much stronger for this model since, beside the elimination of all velocity degrees of freedom in the interior of each composite cell, all pressure degrees of freedom except for the cellwise constants can be eliminated. 1. Introduction. The last fifteen years have seen a rapid development of symmetric stabilization methods for convection-diffusion equations using globally continuous finite element spaces, or for Stokes' equations discretized using globally continuous equal order interpolation for velocities and pressures. Early works in this direction include the subgrid viscosity method suggested by Guermond [13], the orthogonal subscales introduced by Codina [11], and the minimal stabilization approaches for mixed finite element methods discussed by Brezzi and Fortin [4]. In the subgrid viscosity method an artificial viscosity term is added that is made to act on the finest scales of the problem only by introducing two scales in the finite element space, either by adding degrees of freedom (dofs) in the computational mesh or by adding higher order polynomials in the finite element space. In the orthogonal subscale stabilization on the other hand a global projection of the gradient is subtracted from the gradient in the artificial viscosity term, making the diffusion act only on the finest scales.
1. Introduction. The last fifteen years have seen a rapid development of symmetric stabilization methods for convection-diffusion equations using globally continuous finite element spaces, or for Stokes' equations discretized using globally continuous equal order interpolation for velocities and pressures. Early works in this direction include the subgrid viscosity method suggested by Guermond [13] , the orthogonal subscales introduced by Codina [11] , and the minimal stabilization approaches for mixed finite element methods discussed by Brezzi and Fortin [4] . In the subgrid viscosity method an artificial viscosity term is added that is made to act on the finest scales of the problem only by introducing two scales in the finite element space, either by adding degrees of freedom (dofs) in the computational mesh or by adding higher order polynomials in the finite element space. In the orthogonal subscale stabilization on the other hand a global projection of the gradient is subtracted from the gradient in the artificial viscosity term, making the diffusion act only on the finest scales.
The field then expanded rapidly with the introduction of the local projection stabilization by Becker and Braack [1, 2] and the continuous interior penalty (CIP) ton dofs as in the standard Galerkin method. In contrast, the static condensation is impossible for the classical CIP method. Therefore, the local CIP method avoids the negative effect of the extended stencil in the classical CIP method and reduces essentially the computational costs regarding storage and CPU time.
The rest of the paper can be outlined as follows. First we will discuss the composite elements that we use in the analysis and the associated finite element spaces. Then we consider the case of a first order hyperbolic transport problem and prove discrete stability in the form of an inf-sup condition and error estimates for the local CIP method defined on the composite elements. We finally consider the Stokes-Brinkman equations. Also in this case we prove a discrete inf-sup condition and optimal error estimates, expliciting the dependence on the viscosity showing that the method can also be applied in the case of high Reynolds number. The paper is concluded with some numerical experiments. 
General notation. For a measurable subset
G ⊂ R d , let L p (G), 1 ≤ p ≤ ∞,
Composite elements.
To define "composite elements" we start with a socalled "macromesh" M h of the domain Ω ⊂ R d consisting of simple macroelements K ∈ M h , where K can be any star-shaped polyhedral cell, for instance, a quadrilateral or triangle in 2 dimensions or a hexahedron, prism, or tetrahedron in 3 dimensions. We call the elements K ∈ M h "composite elements" since they are composed by a relatively small number of simplicial subelements T ∈ T K by taking one center point c K ∈ K and connecting c K by means of edges with the boundary of K (see Figure 1 ). In the three-dimensional (3D) case, we first have to decompose the two-dimensional (2D) faces into triangles by drawing diagonals such that the number of vertices is not increasing. Thus, the domain Ω is decomposed as
where
as well as Ω = T ∈T h T , where T h := K∈M h T K denotes the final simplicial mesh. We assume that the simplicial mesh T h is admissible (no hanging vertices) and shape regular, i.e., it holds that ρ T ≥ Ch T for all T ∈ T h , where h T denotes the diameter of T and ρ T the radius of the largest ball that can be inscribed into T . For a composite element K ∈ M h , we denote by h K the maximum of the diameters h T of all Downloaded 01/20/17 to 128. 41 subelements T ∈ T K . From the shape regularity of T h and the fact that the number of subelements in T K is uniformly bounded we get the mesh property
where the constant C is independent of T and K. For a given composite element K ∈ M h , we will denote in the following by F K the set of those (d − 1)-dimensional faces F of the subelements T ∈ T K , where F is located in the interior of K. designed for the use of hanging nodes in the macromesh M h . From such a mesh M h , there can be easily generated a final simplicial mesh T h that does not have hanging nodes. We will illustrate the idea for a 2D situation.
Let M 0 be an admissible coarse macromesh, i.e., without any hanging nodes. Then, define recursively the next mesh M +1 from the previous one M by adaptive refinement in such a way that the difference of the refinement level of adjacent composite elements is at most one (see Figure 3) . Consequently, each macromesh M h in the sequence of adaptive multilevel grids contains hanging nodes in general. To form the subelement decomposition of a macrocell K ∈ M h = M +1 we connect the center point c K ∈ K by means of edges with the vertices at the boundary of K which can also be "hanging vertices" from an adjacent macrocell K ∈ M h (see Figure 3) . Then the final mesh T h no longer contains a hanging node.
Local spaces and averaging operator.
For a nonnegative integer m and a given composite element K ∈ M h , we introduce the following discontinuous and continuous composite polynomial spaces:
and define a local averaging operator I
by its values at a corresponding set of nodal points a j ∈ K, j ∈ J(K). Let T j K := {T ∈ T K : a j ∈ T } denote the subset of all simplices T ⊂ K that share the nodal point a j . Then we define the nodal value of I K,m av w at a j as the mean value
From [7, Lemma 5.3 ] we obtain for m ≥ 0 and all K ∈ M h the estimate
Where [[w] ] F denotes the jump of the quantity w over the face F . Using the triangle inequality, (2.3), (3.12) , and an inverse inequality, we obtain for m ≥ 0 the L 2 -stability estimate
2.3.
Composite P 1 -bubble functions. An essential key ingredient in the proof of the inf-sup stability of the local CIP discretization is the use of composite P 1 -bubble Downloaded 01/20/17 to 128.41.61.93. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php functions ξ K as multipliers for piecewise discontinuos discrete streamline derivatives or pressure gradients. Since these P 1 -bubble functions vanish at the boundary of each macroelement K ∈ M h , the constructed product function does not have jumps across the macroelement boundaries.
To this end, we assign to each composite element K ∈ M h the continuous P 1 -bubble function ξ K ∈ U 1 (K) which is defined by the conditions ξ K (c K ) = 1 and ξ K (x) = 0 for all x ∈ ∂K. From the property 0 ≤ ξ K (x) ≤ 1 for all x ∈ K we get the following norm equivalence.
Lemma 2.1. For the above defined function ξ K ∈ U 1 (K), a given exponent p > 0, and a polynomial degree m ≥ 0, there exists a constant C 1 (m, p) > 0 such that
Proof. The upper estimate simply follows from ξ 2p K ≤ 1. To prove the lower estimate we introduce for each subelement T ∈ T K the affine reference mapping R T :T → T , whereT denotes the reference simplex. Letξ :
is a norm for allŵ ∈ P m (T ). Due to norm equivalence there exists a constant C 1 (m, p) > 0 such that
Using this estimate and the fact that the Jacobian J T := det(DR T ) of the affine transformation R T is constant onT we obtain for each w h ∈ D m (K) by means of transformation of integrals
3. Local CIP discretization for the transport problem.
3.1. The transport problem. Let Ω be an open bounded and connected domain in R d , d ≤ 3, with a polygonal boundary Γ and outer normal n. As the data of our problem let
, and f ∈ L 2 (Ω). Then we consider the following model problem: Find u : Ω → R such that
where Γ − := {x ∈ ∂Ω : β · n < 0}. For our analysis, we assume the usual condition that the data satisfy
Introducing the solution space
the weak formulation of the problem reads as follows: Find u ∈ V such that
The essential condition that guarantees existence and uniqueness of a soution of problem (3. 
where, for each macrocell K, the local jump term
is added, which penalizes the situation when the gradient of the discrete solution is not continuous across the faces in the interior of K. Here,
denotes a user-chosen parameter independent of h. Now, the discrete problem reads as follows:
Error analysis.

Discrete norms. For a function v
and an arbitrary composite element K ∈ M h , we introduce the local norms
with μ 0 > 0 from (3.2) and
where the symbol S indicates "strong" or "streamline derivative" norm. To these local norms we assign the corresponding global norms (3.10)
and |||v|||
In the following, we will derive some estimates for the local norms ||| · ||| K and ||| · ||| S,K . Let F ∈ F K be an interior face of the macroelement K and T ∈ T K a subelement of K such that F ⊂ ∂T . Then, by means of standard arguments (transformation of T to the reference elementT , trace theorem onT , and transformation back to T ) and the mesh property (2.1) we get for m ≥ 0 the estimate
This implies the following estimate for the jump of v ∈ T ∈TK H 1 (T ): 
Applying (3.13), (3.11) , and inverse inequalities, we infer for all K ∈ M h the estimate (3.14)
Stability of the method. From partial integration of the convective term we get for all
which implies the coercivity of a h (·, ·) :
Our aim is now to prove the following improved stability estimate in the strong norm. 
Proof. The idea of the proof is to construct, for a given w h ∈ V h , an associated test function v h in the form v h = cw h + z h with a sufficiently large constant c > 0 such that a h (w h , v h ) contains the "good" term a h (w h , cw h ) ≥ c|||w h ||| 2 which can be used to control "bad" terms coming from the estimate for a h (w h , z h ). The role of z h is only to act as a "test partner" for the convective term such that (β · ∇w h , z h ) Ω will produce on each composite cell K ∈ M h the good term h K β · ∇w h 2 K with possibly some bad terms that can be controlled.
In the following, we will construct z h ∈ V h separately on each cell K ∈ M h with the property that z h | K vanishes at the boundary of K. Therefore, the pieces
For a a more compact notation, we introduce the following abbreviations,
and an inverse inequality we get (3.12) , and an inverse inequality we infer with
Since the space V h is conforming, all tangential derivatives of w h ∈ V h with respect to a face F ∈ F K do not have a jump across F . Therefore, we have [
From (3.19) we get by means of Young's inequality
K we obtain with an inverse inequality
K . This together with (3.18) yields
In the following, we will derive an upper bound for |||z h ||| K . Using (2.4) and an inverse inequality we get
which implies with (3.14) that
We apply this estimate for |||z h ||| K in (3.21) and obtain by means of Young's inequality 
Now, with these preparations it is easy to prove our stability result. The estimate (3.16) is obvious in the case w h = 0. Let w h be an arbitrary element of V h \ {0} and z h ∈ V h the elementwise defined function from (3.17) . Taking the sum of the squares of the K-local estimates (3.22) we infer that there exists an hindependent constant C 5 > 0 such that |||z h ||| S ≤ C 5 |||w h ||| S . Then, we get for the function v h := (C 4 + C 5 )w h + z h by means of (3.15) and (3.23)
Therefore, we get from (3.16) . Note that the property v h = 0 follows from w h = 0 and
Estimates for the interpolation error. Let i h : H
r+1 (Ω) → V h denote the standard finite element interpolation operator satisfying the optimal local approximation properties for s ∈ {0, 1, 2},
In the following we will prove a local interpolation error estimate in the norm ||| · ||| S,K .
Lemma 3.2. Let r ≥ 1 be the order of the finite element space
Proof. Let η := u − i h u and K ∈ M h be an arbitrary composite element. Then, we have that η| K ∈ H 2 (K) + D r (K), and (3.13) together with (3.24) yield
Applying the estimate (3.11) for each element face F ⊂ ∂K ∩ Γ we get 
The assertion (3.28) follows from the Cauchy-Schwarz inequality and Lemma 3.2.
3.3.4.
Final error estimate. Now, we are ready to prove our main result on the discretization error of the local CIP discretization. 
and assume that the data β and σ satisfy (3.2). Then, there exists a unique solution u h of the discrete problem (3.7) and there is an h-independent constant C > 0 satisfying the error estimate
Proof. From the coercivity (3.15) of the bilinear form a h the uniqueness of the discrete solution follows. Since the discrete problem is equivalent to a linear system of equations for the nodal values, the existence of the discrete solution follows from its uniqueness. To prove the error estimate we split the error as
into the interpolation error η and the discrete error e h = i h u − u h ∈ V h . From the regularity assumption we have at least that u ∈ H 2 (Ω). Therefore, the jumps
This implies the consistency of our method, i.e.,
By means of the stability estimate (3.16) applied to w h = e h there exists a v h ∈ V h \{0} such that 
For the interpolation error η, we get from Lemma 3.2
Finally, the estimate (3.29) follows by means of the triangle inequality. 
where ν > 0 denotes the constant kinematic viscosity and σ ≥ 0 another given constant parameter. We introduce the weak solution spaces
for velocity and pressure, respectively, and the bilinear forms a(·, ·) and b(·, ·) defined by
where ∇u denotes the gradient tensor and (·, 
Then, the weak formulation of the Stokes-Brinkman problem reads as follows:
Local CIP discretization.
For the velocity approximation, we choose a continuous finite element space X h ⊂ X defined as
where r again denotes the polynomial order of X h . Note that, for our error analysis, we will need the assumption r ≥ 2 in order to construct a special interpolation operator I r h ; see section 4.3.3. The pressure will be approximated by means of discontinuous functions from the space (4.5) It is well known that, in general, such a choice of the spaces X h and M h does not satisfy the inf-sup condition uniformly with respect to h. Therefore, we apply the local CIP method as a pressure stabilization and add, for each macroelement K ∈ M h , the following jump terms of the pressure gradients,
The bilinear form A(·, ·) is modified by the discrete bilinear form
and the associated discrete form on the right-hand side becomes
Now, the discrete problem reads as follows:
This formulation is similar to that proposed in [3] using local projection stabilization. Note that this local CIP version again has the advantage compared to the classical CIP version that a static condensation of all dofs in the interior of each composite cell, except for the pressure constant, is possible.
Error analysis.
Discrete norms and seminorms. For a function pair
) and an arbitrary composite element K ∈ M h , we introduce the local seminorms
where the symbol S indicates a strong seminorm. To these local semi-norms we assign the corresponding global ones
Using the estimate (3.12) we infer for the jump term J K (·, ·) defined in (4.6) that (4.13) 
Stability of the method.
From the definition of A h (·, ·) we obtain the following partial coercivity of A h with respect to the seminorm ||| · ||| :
Our aim is now to prove the following improved stability estimate in the strong seminorm. 
Proof. At first, we will prove that there are h-independent constants α, C > 0 such that for all (
and
The idea is to construct, similarly to section 3.3.2, for a given (
) with a sufficiently large constant c > 0 where the role of z h is to act as a "test partner" in the term b(z h , q h ) in order to produce the good term h
In the following, we will construct z h ∈ X h separately on each cell K ∈ M h with the property that z h | K vanishes at the boundary of K. Therefore, the pieces
d fit together into a global function in X h . We define for the given
where ξ K ∈ U 1 (K) is the same scalar bubble function as in section 2.3 and the vectorvalued averaging operator I 
, which implies with (4.18) by means of Young's inequality
Then we get from the definition (4.7) of A h and (4.19)
In the following, we will derive an upper bound for |||ψ h ||| K under the assumption that σ ≤ Ch 
which implies with (4.11) that
We apply this estimate for |||ψ h ||| K in (4.20) and obtain by means of Young's inequality
Thus, we have shown that there are h-independent constants C 6 := C 2 /4 and
Now, we are ready to prove our stability result (4.16). Let φ h = (w h , q h ) be an arbitrary element of Y h and ψ h := (z h , 0) ∈ Y h , where z h ∈ X h is the elementwise defined function from (4.17). Taking the sum of the squares of the K-local estimates (4.21) we infer that there exists an h-independent constant C 8 > 0 such that |||ψ h ||| S ≤ C 8 |||φ h ||| S . Then, we get for the function χ h := C 7 φ h + ψ h by means of the coercivity (4.15) and (4.22) 
which concludes the proof of (4.16).
Estimates for the interpolation error. Let
For r ≥ 2, we can modify this operator into an operator I r h : H 2 (Ω) d ∩ X → X h which satisfies the analogous approximation property (4.23) and the additional property for
The idea is to add to I For the pressure, we choose the interpolation operator Π
Since the local mesh T K of subelements of K is quasi-uniform, we get for m ≥ 1 and p ∈ H m+1 (Ω) the error estimate 
where 
which implies assertion (4.26) by means of (4.25) For the subsequent analysis, we need the following norm equivalence.
and U m (K) be the composite polynomial space defined in (2.2). Then, for each m ≥ 1, there exist constants c,c > 0 independent of K ∈ M h such that
Proof. The left part of the inequality (4.28) is a simple conclusion of an inverse inequality. To show the right part we exploit the fact that
(K) such that by means of the integral mean value theorem there exists a point x * ∈K such that q h (x * ) = 0. Let T * ∈ T K denote a subsimplex such that x * ∈T * and c K ∈ K the "center point" such that c K ∈T for all T ∈ T K . Applying Taylor's theorem on T * we get
Now, for each T ∈ T K and an arbitrary point x ∈ T , Taylor's theorem, and the fact that the submesh T K is quasi-uniform imply
which immediately yields the upper estimate in (4.28).
Finally, we will prove an estimate of the interpolation error in terms of the bilinear form A h (·, ·).
Lemma 4.4. Assume the setting of Lemma 4.2 and let η denote the interpolation error
The first two terms in the sum can be estimated as 
To estimate the fourth term we split
Using (4.24) and the norm equivalence (4.28) we obtain
Furthermore, we have
The assertion (4.29) follows now from the Cauchy-Schwarz inequality, Lemma 4.2, and the interpolation estimate (4.25) for the pressure.
4.3.4.
Proof.
Step 1: We show the uniqueness of the discrete solution. Assume that there are two solutions (u
Then, by means of Lemma 4.1 there exists an element 
which leads to the conclusion that d uh = 0 and
LetM h denote the subspace of all piecewise constant pressure functions in M h , i.e.,
Then, it is easy to show that, in the case r ≥ 2, the pair of finite element spaces (X h ,M h ) satisfies the h-uniform inf-sup condition, i.e., for each function
where β * > 0 is an h-independent constant. Thus, from (4.33) it follows d ph = 0 which concludes the proof of the uniqueness of the discrete solution. Since the discrete problem is equivalent to a finite dimensional linear system of equations, the existence of the discrete solution follows from its uniqueness.
Step 2: To prove the error estimate we split the error as
into the interpolation error η = (η u , η p ) ∈ X × M and the discrete error e h = (e uh , e ph ) ∈ Y h = X h × M h . From the regularity assumption we have at least that p ∈ H 2 (Ω). Therefore, the jumps [[∇p]] F vanish for all faces F of the mesh such that J K (p, q h ) = 0 for all q h ∈ M h and K ∈ M h . Together with div u = g this implies the consistency of our method which leads to the Galerkin orthogonality
By means of the stability estimate (4.16) applied to φ h = e h there exists a θ h ∈ Y h such that |||θ h ||| S ≤ |||e h ||| S and
Applying Lemma 4.4, |||θ h ||| S ≤ |||e h ||| S , and Young's inequality we infer
For the interpolation error η, we get from Lemma 4.2
Finally, the estimate (4.31) follows by means of the triangle inequality.
Step 
Using the notation of step 2, we split the error into the form (e u , e p ) :
In step 2, we have already shown that
We split the error e ph ∈ M h into the form
Then, we infer from the norm equivalence (4.28) and (4.37)
Using the Galerkin orthogonality (4.36) for the test function
Writing e p = η p +ē ph +ẽ ph and using the approximation property η p Ω ≤ CB, the estimate max(ν, σ, h K ) ≤ C as well as the Poincaré-Friedrichs inequality for v h we infer for all
Due to the inf-sup condition (4.35) for the spaces (X h ,M h ) there exists a function v h ∈ X h \ {0} such that 5. Numerical examples.
The transport problem.
We consider an example from [6] , where Ω = (0, 1) The characteristics are the circular lines (x, y) = const and the inflow boundary part Γ − consists of the two lines x = 0 and y = 1 of the boundary ∂Ω. The coarsest mesh on grid level 1 is derived from a decomposition of Ω into 2 by 2 squares each of which is subdivided into 4 triangles by drawing the diagonals of the square. Each higher grid level k + 1 is generated by uniform refinement of the squares from grid level k followed by the triangular subdivision of the new squares. In the following, we present numerical results with the polynomial degree r = 2 for two situations.
A smooth solution. We choose ε = 1 such that the exact solution is very smooth in the sense that the higher order seminorm |u| r+1,Ω is of moderate size. Here, our aim is to verify the theoretically obtained rates of convergence. Table 1 shows the error norms for the local CIP method with the parameter γ 0 = 0.01, where
denote the interpolation error of the Lagrange interpolate I Q2 h u in the standard conforming Q 2 -space over the quadrilateral mesh M h , the discretization error in the L 2 -norm, and the L 2 -error of the streamline derivative, respectively. By N dof we present for each grid level the number of dofs of the reduced algebraic system after static condensation of the interior dofs in all composite elements. Table 2 presents the analogous results for the standard Galerkin method. For the local CIP method, we see that the L 2 -error is better than the proven order of 2.5 and the error in the streamline deriviative has the optimal order of 2. However, for the standard Galerkin method, we observe only a suboptimal behavior of the error. Downloaded 01/20/17 to 128.41.61.93. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php A solution with internal layer. Here, we choose ε = 10 −4 which implies that the exact solution exhibits an internal layer along the characteristic (x, y) = 1.5. Moreover, the global higher order seminorm |u| r+1,Ω is very large such that our theoretical error estimates produce very pessimistic error bounds. In this case, we show first by the "picture norm" in Figure 4 that the stabilized CIP solution (γ 0 = 0.01) exhibits numerical oscillations only near the layer whereas the standard Galerkin solution (γ 0 = 0) suffers from oscillations in a large region. Furthermore, we present in Table 3 the error norms measured on a subdomain Ω 0,h that excludes the internal layer of the exact solution, i.e., where ν and σ are given constants. In Tables 4 and 5 we present the discretization errors for the velocity in the L 2 -norm for the polynomial orders r = m = 2 and the cases σ = 1 and σ = 0, respectively, on a sequence of uniformly refined grids starting from a 2 × 2 quadrilateral macromesh on the unit square Ω. We observe third order of convergence, which is optimal. Furthermore, we see that, for a fixed h, the error does not increase when ν tends to zero. By some simple standard arguments we can rigorously prove that the order of convergence in the H 1 -norm is one order less than in the order in the L 2 -norm. Therefore, we omitted the presentation of the H 1 -norm errors.
In Tables 6 and 7 we present the corresponding discretization errors for the pressure in the L 2 -norm. In the case ν = O(1), we observe second order of convergence, which perfectly confirms our theory and which is also well known from the Stokes error analysis where the L 2 -error for the pressure is dictated by the H 1 -error for the velocity. In the case ν h, we observe at least the order O(h 2.5 ) predicted from our theory and even better in the case of very small ν. Again we omitted the presentation of the H 1 -norm errors since they are one order less than the L 2 -norm errors. In order to explain the third order of convergence for very small ν we remark that, in the pure Darcy case (ν = 0, σ = O(1), homogeneous Dirichlet boundary condition for the Downloaded 01/20/17 to 128.41.61.93. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php pressure, and no boundary conditions for the velocity), we can rigorously prove by means of a duality argument for the pressure that the L 2 -norm error for the pressure has the order O(h r+1 ) if m = r ≥ 2.
6. Conclusion and outlook. We have proposed a localized CIP method for stabilization of advection and velocity pressure coupling. The theory was developed in the framework of composite finite elements, but the extension to general subdomains is immediate, with interesting consequences for strongly imposed boundary conditions and C 0 domain decomposition, in the latter case. For the discretization of the StokesBrinkman equations we exploited the structure of the proposed method to obtain local mass conservation on the macroelement level. The error estimates have been given with explicit dependence on ν, paving the way for a method for the Oseen's equations with local mass conservation on the macroelement level and robustness for high Reynolds numbers.
Another application of the present framework is for convection-diffusion problems with diffusivity μ that may be discontinuous over the macroelement faces. Observe that in this case the penalty term is not consistent if applied on a face over which the diffusivity jumps. Using this analysis it is straightforward to handle this case in a consistent manner also for the global stabilization operator, if it is modified to take the form (6.1) j(u, v) := γ 0
where F T h denotes the set of interior faces in T h , β F the mean value of β over face F , and {μ}| F the average of the diffusivities on the two sides of the face F . The method now remains consistent thanks to the continuity of fluxes.
